CHAPTER 18
Polygons and Quadrilaterals

18-1. Parallelograms

B C
A parallelogram ( o) is a quadrilateral with two pairs of T
parallel opposite sides. > h
In 5ABCD, 4B||CD and BC|| AD. ) 1
b
Properties of Parallelogram
Opposite sides are congruent. AB=CD and BC = AD
Opposite angles are congruent. 4BAD = Z/BCD and ZABC = ZADC
Consecutive angles are supplementary. mZABC +m£BAD =180 and mZADC +m/ZBCD =180
The diagonals bisect each other. AE =CE and BE = DE
. . . B c
A rhombus is a parallelogram with four sides of equal measure. T
The diagonals of a rhombus are perpendicular to each other, and V
each diagonal of a rhombus bisects a pair of opposite angles. % h
In rhombus ABCD, AB=BC=CD=DA, AC 1 BD, A
mAl=mL2=ms5=ms6,and mL3=mLd=mLT =m/8. Y| b
Theorem

The area of a parallelogram equals the product of a base and the height to that base. A=b-h

The area of a rhombus is half the product of the lengths of its diagonals (d, and d,). A= %dl -d,

Example 1 Find the values of the variables in 4 3x-5
the parallelogram shown at the right.
N

[m}

Solution o x+11=3x-5 Opposite sides of o are =.
16=2x = x=8
y+6=2y—-4 The diagonals of = bisect each other.
y=10
Example 2 o Find the area of parallelogram PQORS 10) 12
shown at the right. |
10/,
[
ol
. . . o o o . 60
Solution o Notice that APQT is a 30°-60°-90° triangle. P 1 s

1 1
PT=—PQ=—(10)=5
;P2 =7010)

OT =~3PT =\3(5) =53
Area of PORS =b-h=12-5y3 =603
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Exercise - Parallelograms

v
Questi0n§ 1-5 refer to the following What is the measure of ZOTR ?
information.
P

A
In oPORS above, PT =x+2y, ST=8x—y,
PR=32,TQ0=26, mLl=6a, m£2=10a, IEI
mZ3=a*-7 and mZPRS =4a . 4 . B

4
E
What is the value of x ?
} C
D 5

What is the area of rhombus ABCD above?

What is the value of y ?

P 0

What is the measure of ZPQOR ?

T 9 S 20 R

In the figure above, PORS is a parallelogram
and PTS is aright triangle. What is the area of

the parallelogram PORS ?
What is the measure of ZQRS ?
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18-2. Rectangles, Squares, and Trapezoids

A rectangle is a quadrilateral with four right angles. The
diagonals of a rectangle are congruent and bisect each other.
The diagonals divide the rectangle into four triangles of equal area.

In rectangle ABCD, AE =BE =CE =DE .
Area of AABE = Area of ABCE = Area of ACDE = Area of ADAE

If a quadrilateral is both a rhombus and a rectangle, it is a square.
A square has four right angles and four congruent sides. The
diagonals of a square are congruent and bisect each other.

In square ABCD, AB=BC=CD=DA, ABLBC L CD 1 DA,
and AE =CE = BE =DE .

A trapezoid is a quadrilateral with exactly one pair of parallel sides.

The midsegment of a trapezoid is parallel to the bases and the length
of the midsegment is the average of the lengths of the bases. Trapezoid

ABCD with median MN, AD||MN || BC and MN=%(b1+b2).

If the legs of a trapezoid are congruent, the trapezoid is an
isosceles trapezoid. The diagonals of an isosceles trapezoid are
congruent. Each pair of base angles of an isosceles trapezoid

is congruent. For isosceles trapezoid ABCD at the right,

AC=BD, mZBAD =mZCDA4,and mZABC =m£BCD .

Theorems - Areas of Rectangle, Square, and Trapezoid
The area of a rectangle is the product of its base and height.

The area of a square is the square of the length of a side.

B c
w
E
A 7 D
B ' C
T T
A = D
N
B by C

A=b-h
A=s?

The area of a trapezoid is half the product of its height and sum of the bases. A= %h(b1 +b,)

Example 1 o Find the areas of the quadrilaterals shown below.

a. b.

|
16 672

30° ] 45°

Solution o a. The quadrilateral is a rectangle.
h:%(l6)=8, b=h-3=8/3
A=b-h=8J3-8=643

b. The quadrilateral is a trapezoid.

h2=6J2 = h=6

A :%h(b] +by) :%(6)(8+12) =60

12

Use the 30°-60°-90° A ratio.

Area formula for rectangle

Use the 45°-45°-90° A ratio.

Area formula for trapezoid
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Exercise - Rectangles, Squares, and Trapezoids

A T D

In square ABCD above, the length of diagonal
AC is 5v/2 . What is the area of the square?

v

Questions 2 and 3 refer to the following
information.

12

B C
E

9

A D

In the figure above, ABCD is a rectangle.

What is the length of AE?

What is the area of ACED?

[4]

30°

10

What is the area of trapezoid PQRS above?

A) 20
B) 24
C) 26
D) 32

0
15
9
R
P
13
s

What is the area of trapezoid PQRS above?

A) 64
B) 72
C) 76
D) 84
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18-3. Regular Polygons

A regular polygon is a convex polygon with all sides congruent and all angles congruent.

A polygon is inscribed in a circle and the circle is circumscribed about the polygon where each vertex
of the polygon lies on the circle. The radius of a regular polygon is the distance from the center to a vertex
of the polygon. A central angle of a regular polygon is an angle formed by two radii drawn to consecutive
vertices. The apothem of a regular polygon is the distance from the center to a side.

Center: O
Radius: OP, OQ, OR, ---

S Central Angle: Z/POQ, ZQOR, -+
. Interior Angle: ZPQOR, ZORS, ---
R Apothem: O4, OB, --- (Denoted with letter a.)
B
[ ]
P 4 0

Regular Octagon

Theorems - Angles and Areas of Regular Polygons

The sum of the measures of the interior angles of an #n- sided polygon is (n—2)180.

The measure of each interior angle of a regular »-sided polygon is

(n-2)180
—

The sum of the measures of the exterior angles of any polygon is 360.

. . 1
The area of a regular polygon is half the product of the apothem «, and the perimeter p. 4= Eap

Regular Polygons Inscribed in Circles

LN
N

Equilateral Triangle
Central angle =120°
Interior angle = 60°

Example 1

Solution

O

O

90L_

90°

Square Regular Pentagon Regular Hexagon Regular Octagon
Central angle = 90° Central angle = 72° Central angle = 60° Central angle = 45°
Interior angle = 90° Interior angle =108°  Interior angle =120°  Interior angle =135°

A regular hexagon with the length of side of 4 is
shown at the right.

Find the area of the regular hexagon. A\
VR

mZPOR =360+6 =60 s
m/PQOS = %mAPQR = %(60) =30

PS = lPR :1(4) =2
2 2
a=-3-PS=23 30°-60°-90° triangle ratio is used.

A=%ap=%(2\/§)(24)=24x/§ a=top
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Exercise - Regular Polygons

v v

Questions 1 - 4 refer to the following Questions 5 - 7 refer to the following
information. information.

B

S A

P S

7

The figure above is an equilateral inscribed in The figure above is a regular pentagon whose

a circle with radius 10. radius is 6.

What is the measure of Z40C ? What is the value of x ?

[6]

What is the length of OD? What is the measure of ZRQOS ?

What is the length of BD ? Which of the following equations can be used
to find the value of a ?

A) sin ZRQS = %

(4] B) cos ZROS =%
What is the area of AABC?
C) sin ZRQS = s
a
A) 4543
6
D) cosZROS =—
B) 5043 ) o5=1
C) 603
D) 753
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Chapter 18 Practice Test
[4]

B 18 c A rectangle has a length that is 6 meters more
than twice its width. What is the perimeter of
13 13 the rectangle if the area of the rectangle is 1,620
12 square meters?
A = - D
E F

What is the area of the isosceles trapezoid above?

A) 238
B) 252
5
C) 276
D) 308
a a
a
10
C
10
10
45° The figure above shows an equilateral triangle
A 10 D with sides of length a and three squares with
sides of length a . If the area of the equilateral
What is the area of rhombus ABCD above? triangle is 253, what is the sum of the areas
of the three squares?
A) 2032 A) 210
B) 252 B) 240
C) 5072 C) 270
D) 100v2 D) 300
Q
R A

/\ \ The perimeter of a rectangle is 5x and its length
E/ ZNO is %x . If the area of the rectangle is 294, what is
P

the value of x ?

In the figure above, EO is the midsegment

of trapezoid TRAP and RP intersect EO at
point Z . If RA=15 and EO =18, what is the

length of EZ?
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4 12 D

A 12 D
The figure above shows parallelogram ABCD .
Which of the following equations represents the

In the figure above, what is the area of the area of parallclogram ABCD ?

region ABCD ?

A) 2243 +30 A) 12cosx” x9sinx°
B) 223+36 B) 12x9tanx’

C) 2243+42 C) 12x9cosx”

D) 223 +48 D) 12x9sinx°

G F

In the figure above, ABCD is a rectangle and In the figure above, ABCDEF is a regular
BCFE 1s a square. If. AB =40, BC =16, and hexagon with side lengths of 4. PORS is
mZ.A GD =45, what is the area of the shaded a rectangle. What is the area of the shaded
region? region?
A) 240

: A) 83
B) 248

B) 93

C) 256
D) 264 0) 1043

D) 1243
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Answer Key

Section 18-1

1.4 2.6 3.112 4.68 5.70
6.24 7.240

Section 18-2

1.25 2.7.5 3.27 4.C 5.D

Section 18-3

1.120 2.5 3.15 4.D 5.108
6.36 7.B

Chapter 18 Practice Test

1.C 2.B 3.10.5 4.
6. 14 7. A 8.C 9

Answers and Explanations
Section 18-1

1. 4

PT = l PR Diagonals of & bisect each
other.

xX+2y= %(32) =16  Substitution

ST=T0 Diagonals of o bisect each
other.

8x—y=26 Substitution
2(8x—y)=2(26) Multiply each side by 2.
16x—-2y =52 Simplify.
Add x+2y=16 and 16x—-2y=52.
16x—-2y =52

+| x+2y=16
17x =68
x=4

2. 6

Substitute 4 for x into the equation x+2y =16.

4+42y=16

2y =12

y=6

112

ms3=m/l If PO RS, Alternate
Interior /s are =.

a*-7=6a Substitution

a*—6a-7=0 Make one side 0.

(a=T(a+1)=0 Factor.

a=7 or a=-1

Discard a =—1, because the measure of angles in
parallelogram are positive.

mZl =6a=06(7)=42

mZ2=10a=10(7)=70

mZPOR =mZl+mZ/2

=42+70
=112

. 68

Since P_Q [ RS, consecutive interior angles are
supplementary. Thus, mZPQR+mZQRS =180 .

112+mZQRS =180
mZORS = 68

mZPOR =112

.70

mZQTR = mZPRS +m/3 Exterior Angle Theorem
mZ3=msl =42

. 24

mZPRS =4a Given

=4(7)=28 a=7
mZLQTR =28+42 Substitution

=70

4 , B

4
E
: o
b 5

CE* + DE* = CD? Pythagorean Theorem
4>+ DE* =5
DE* =9
DE =3

Area of ABCD = %AC BD = %(8)(6) =24
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7. 240 .27
P 0 Area of rectangle ABCD =12x9=108.
In a rectangle, diagonals divide the rectangle into
s four triangles of equal area. Therefore,
Area of ACED = lthe area of rectangle ABCD
ml . | 4
T 9 S 20 :2(108):27.
PT? +ST? = PS> Pythagorean Theorem
PT?+9? =15 - C
PT? =15% —9% — 144 03 R
PT =144 =12 8
Area of PORS =SRx PT =20x12=240.
30° =
P 0 7 s

Section 18-2

1. 25

A T D
Let AD=CD=s.
AD? +CD? = (5\/5 )2 Pythagorean Theorem
s*+57 =50
25> =50
s* =25

Area of ABCD = s> =25.

2. 75
B 12 C
E

9

A D
AC? = AB* + BC? Pythagorean Theorem
AC*=9* +12% =225  Substitution
AC =+/225=15

1 Diagonals of rectangle

AE = EAC bisect each other.

1
=—(15=175
515

Draw a , which is perpendicular to PS , to
make triangle PQT, a 30°-60°-90° triangle.

Ina 30°-60°-90° triangle, the hypotenuse is
twice as long as the shorter leg. Therefore,

1 1
0T =_PQ=_(8)=4.

Area of trapezoid PQRS = ! (PS+0QR)-OT

. D

2
1
:E(IO+3)~4 =26
0
15
9
] R
P
13 s
PR* + PQ2 = QR2 Pythagorean Theorem
PR* +9? =157 Substitution
PR* =15 -9% =144
PR =+/144 =12
122 +RS? =13° Pythagorean Theorem

RS? =13*-122 =25
RS =+25=5

Area of trapezoid PORS
=%(PQ+RS)-PR :%(9+5)'12

=84
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Section 18-3

1. 120

LN

A C

mZAOB = mZBOC =mZAOC = !

=5(360)=120

mZCOD = %mLAOC = %(120) =60

Since triangle COD is a 30°-60°-90° triangle,

the hypotenuse is twice as long as the shorter leg.

Therefore, OD = %CO = %(10) =35.

3. 15

In a circle all radii are equal in measure.
Therefore, AO=BO=C0O=10.
BD=BO+0D=10+5=15

4. D

Ina 30°-60°-90° triangle, the longer leg is /3
times as long as the shorter leg. Therefore,

CD =-30D =53
AC=2CD =103

Area of AABC
- %(AC)(BD) - %(106)(15) =753

5. 108

7

VY

S

The measure of each interior angle of a regular

(n—2)180

n-sided polygon is . Therefore,

(- G0

6. 36
mZPOR = % =72

mZROS = %mLPQR = %(72) =36

7. B

In triangle ROS, QR is the hypotenuse and OS
is adjacent to ZRQS . Therefore the cosine ratio
can be used to find the value of a.
adjacent to ZROS a

hypotenuse "6

cos ZRQS =

Chapter 18 Practice Test

1. C
B 18 c
13
13 12
A Ll L D
E F
AE? + BE? = AB? Pythagorean Theorem

AE* +12% =13°

AE?* =13* —12? =25

AE =25=5

Also DF =5.

AD =AE+EF+DF =5+18+5=28

Area of trapezoid = %(AD +BC)-BF

=%(28+18)-12=276

2. B
2 10 c
10
10
45
4 10 F D

Draw BF perpendicular to AD to form
a 45°-45°-90° triangle.
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Ina 45°-45°-90" triangle, the hypotenuse is ﬁ The perimete.r of the rectangle is

times as long as a leg. Therefore, V2BF = 4B. 2(length + width) = 2(60+27) =174
J2BF =10 Substitution 5.D
BF — 10 _ 10- 2 _ 1072 _52 Area of an equilateral triangle with side length

2 a2 2 f —ﬁzs' th f the equilateral
Area of thombus ABCD of a= Ta . Since the area of the equilatera
_ lAD .BF = l(lO)(Sx/E) =252 triangle is given as 253, you can set up the

2 2 following equation.
3. 105 gaz =253
The length of the midsegment of a trapezoid is the 5 4
a® =253 -—==100

average of the lengths of the bases. Therefore, B
EO = l(Ter RA) . The area of each square is a*, or 100, so the

2 sum of the areas of the three squares is 3x100,
18 = %(TP +15) Substitution or 300.

1 6. 14
2x18=2x—(TP+15) _
2 Let w = the width of the rectangle.

36=TP+15 The perimeter of the rectangle is given as 5x .
21=TpP Perimeter of rectangle = 2(length + width)

In ATRP, EZ:lTP:l(Zl)zlo.S. 3
2 2 5x=2(5x+w)

5x=3x+2w
4. 174 2= 2w
Let w = the width of the rectangle in meters, xX=w
then 2w+ 6 = the length of the rectangle in Area of rectangle = length x width = 294
meters. 3
Area of rectangle = length x width Ex x =294

=Q2w+6)xw=2u" +6w.
Since the area of the rectangle is 1,620 square
meters, you can set up the following equation.

X = 294%:196

) x=+/196 =14
2w” +6w=1620
2w +6w—1620=0 Make one side 0. 7. A
2(w? +3w—810)=0 Common factor is 2. B
. . 43
Use the quadratic formula to solve the equation,
w? +3w—810=0. i c
e ~b b’ —4ac
2a
_ —3£4/37-4(1)(-810)
2(1) AC? = AB* + BC? Pythagorean Theorem
—3++/3249 _3+57 AC? =117 + (4\/5)2 Substitution
2 2 AC? =121+48=169
Since the width is positive, w= > =27 AC=4169 =13
2 AC? = AD* + CD? Pythagorean Theorem

The length is 2w+6 =2(27)+6=60. 2 2 o
169=12"+CD Substitution
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25 = CD? 10. A
5=CD
The area of region ABCD is the sum of the
area of AABC and the area of AADC .
Area of the region ABCD

1 1
=2 A1(4V3)+ 5(12)(5)

=224/3+30

Draw the diagonals of a regular hexagon, AD,
BE ,and CF .

BE=BO+OFE =8 and QR=BE =8

Since ABCDEF is a regular hexagon, the
diagonals intersect at the center of the hexagon.
Let the point of intersection be O . The diagonals

b G F ¢ divide the hexagon into 6 equilateral triangles with
] ) side lengths of 4. Area of each equilateral triangle
Since BCFE 1is a square, NG
BC=BE=CF=EF =16. with side lengths of 4 is ~——(4)* = 43 .
AE = AB— BE _ 4
=40-16=24 Draw OT perpendicular to PS'.
Triangle AGD isa 45°-45°-90° triangle. Triangle AOT isa 30°-60°-90° triangle.
Ina 45°-45°-90° triangle, the length of the two Therefore, AT = lAO _ 1(4) —2 and
legs are equal in measure. Therefore, 2 2
AD=DG =16. OT =\3AT =243 .
FG=DC-DG~CF In rectangle PORS, RS =20T =2(2\/3)=44/3 .
=40-16-16=8 Area of rectangle PORS = QRx RS

Area of the shaded region —8x 43 =323 .
= l( AE + FG)-EF Area of regular hexagon ABCDEF

2 = 6 x area of the equilateral triangle
:%(24+8)-16:256 =6x4/3 =243

Area of shaded region
9 D = area of rectangle — area of hexagon
B c =323-2443=83.
9
x° -
A E D

12
Draw BE perpendicular to AD.

In AABE , sinx’ =%.

Therefore, BE =9sinx”’.
Area of parallelogram ABCD

= ADx BE =12x9sinx’




