CHAPTER 15
Trigonometric Functions

15-1. Trigonometric Ratios of Acute Angles

A ratio of the lengths of sides of a right triangle is called a trigonometric ratio. The six trigonometric
ratios are sine, cosine, tangent, cosecant, secant, and cotangent.

Their abbreviations are sin, cos, tan, csc, sec, and cot, respectively. The six trigonometric ratios of any

angle 0° <6 <90°, sine, cosine, tangent, cosecant, secant, and cotangent, are defined as follows.

Ging - length of side opposite to & 0 o= .1 _c B
length of hypotenuse c sinf a
. . C
080 = length of side adjacent to 8 _ b sec — 1 _c a
length of hypotenuse c cosd b 7
A
tan 6 length of 51‘de opP051te to 6 4 o= 1 _ b b
length of side adjacentto 8 b tand a

The sine and cosine are called cofunctions. In a right triangle ABC, Z4 and ZB are complementary,
that is, mZA+m4£B =90 . Thus any trigonometric function of an acute angle is equal to the cofunction
of the complement of the angle.

Complementary Angle Theorem

sin @ = cos(90° —6)

cos @ =sin(90° — 0)

If sin ZA = cos ZB , then mZA+mZB =90 .

Trigonometric Identities

sin @
tan @ =

cosd

Example 1 O

Solution O
Example 2 O
Solution O

sin> @ +cos’ 0 =1

B
In the right triangle shown at the right,
find cos@ and tan@ if siné :E. 0
3 A Cc
sin® @+cos’ 0 =1 Trigonometric identity
(%)2 +cos’ 0 =1 Substitute % for sin® .

coszé?:l—(%)zzl—

5 5 5
cosé’z\/;:ﬁ:T

_sing_ 2/3 2 25 25
cos@ 5/3 5 55 5

NoRIFN
O |

tan @

In a right triangle, @ is an acute angle. If sin8 = g , what is co0s(90° — ) ?

By the complementary angle property of sine and cosine,

cos(90° — @) =sin0 = g
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Exercises - Trigonometric Ratios of Acute Angles

v [4]

Questions 1- 3 refer to the following

information.

In the triangle shown below AB = BC =10
and AC=12.

3 e 5
10 10 Note: Figures not drawn to scale.
In the figures above y <x <90 and
[ [
A 12 ¢ cosx’ =siny’.If x=3a-14 and y=50-a,

what is the value of a ?

What is the value of cosé ? A) 16
B) 21

A) 0.4 C) 24

B) 0.6 D) 27

C) 08

D) 1.2

What is the value of sin@ ? B
C
A) 04 a
C) 0.8
D) 1.2 Given the right triangle 4BC above, which of the

following is equal to )
c

What is the value of tané ? I. sin4
II. cosB
A) 3 III. tan 4
4
B) 4 A) Ionly
3 B) II only
o) 5 C) T and II only
4 D) II and III only
5
D) =
) 3
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15-2. The Radian Measure of an Angle

One radian is the measure of a central angle 8 whose
intercepted arc has a length equal to the circle’s radius.
In the figure at the right, if length of the arc 4B =04,

then mZAOB =1 radian .
Since the circumference of the circle is 27zr and

a complete revolution has degree measure 360°,

1 radian

27 radians = 360°, or 7 radians =180°.

The conversion formula 7 radians =180° can be used
to convert radians to degrees and vice versa.

o

The measure of a central angle @ is
1 radian, if the length of the arc 4B

1 radian = is equal to the radius of the circle.

~573 and I° - radians
Vid 180

On a coordinate plane, an angle may be drawn by two rays that share a fixed endpoint at the origin.

The beginning ray, called the initial side of the angle and the final position, is called the terminal side
of the angle. An angle is in standard position if the vertex is located at the origin and the initial side lies
along the positive x- axis. Counterclockwise rotations produce positive angles and clockwise rotations
produce negative angles. When two angles have the same initial side and the same terminal side, they
are called coterminal angles.

y y Y terminal
terminal 35° side
side initial o
\ : / 60
side

initial o o initial *

initia o initia

side terminal ) —-300 \/ side

side -150
positive angle in negative angle in an angle of 60" is coterminal

standard position standard position

with an angle of —300°

You can find an angle that is coterminal to a given angle by adding or subtracting integer multiples of

360° or 27 radians. In fact, the sine and cosine functions repeat their values every 360° or 27 radians,

and tangent functions repeat their values every 180° or 7 radians.

Periodic Properties of the Trigonometric Functions

sin(@+£360") =siné cos(6£360°) =cosd tan(6+£180°) = tan &

Example 1 o
to degree measure.

a. 45° b. 277[ radians

Solution O a. 45 =45 % radians _Z radians

180°

——)=120°
7 radians

b. 27” radians =2T” radians(

Change the degree measure to radian measure and change the radian measure



254

Chapter 15

Exercises - The Radian Measure of an Angle

P(1)

In the xy- plane above, O is the center of the

circle, and the measure of ZPOQ is kx radians.

What is the value of & ?

A)

N —

B)

A=

0

W | =

D)

Which of the following is equal to cos(%) ?

3z

A) cos(?)
T

B) cos(?)
. 3z

C) sm(?)

D) sin(%[)

X
\ ol b /B
In the xy- plane above, O is the center of the

circle and the measure of Z40D is % . If the

radius of circle O is 6 what is the length of 4D ?

A) 3

B) 32

Q) 45

D) 33

[4]

In the figure above, what is the value of

cos ZAOD ?

A)

B)

9

Wlh vlh Bl wn|w

D)
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15-3. Trigonometric Functions and the Unit Circle

Suppose P(x,y) is a point on the circle x>+ y* =* and 6

is an angle in standard position with terminal side OP , as

shown at the right. We define sine of @ and cosine of & as
y

. X
sinf == cosf =—.
r r

The circle x* + y* =1 is called the unit circle. This circle is
the easiest one to work with because sin& and cosé are
simply the y- coordinates and the x- coordinates of the
points where the terminal side of & intersects the circle.

y oy X X

sinf=—==—=y cosf=—=—=x
r 1 ro1

Angles in standard position whose measures are multiples of 30° (% radians ) or multiples

o, T . s . . . . .
of 45 (Z radians ) are called familiar angles. To obtain the trigonometric values of sine, cosine,

and tangent of the familiar angles, use 30°-60°-90° triangle ratio or the 45°-45°-90° triangle ratio.

AY
P(x,y) '\
r
4
Yy
I
x y
AY
(x,y) =(cosb,sin )
1 \
4
y
‘\ .
x y
AY
e
2
V3
60°
-
ol 1 /
sin60°=X:£
ro 2
cos30°=£=l
ro 2

A Ay
— —
2 2
30° 1 45 \/E
= X = X
10) B ) 19) N )
sin30° :Zzl sin45° :Z:Q
r 2 r 2
cos30° =£=§ cos45° :fzﬁ
ro 2 ro 2

The reference angle associated with @ is the acute angle formed by the x-axis and the terminal side of

the angle 6. A reference angle can be used to evaluate trigonometric functions for angles greater than 90°.

p LY LAY
135° 210
WA AR 1N
o = o = o
30° \

300 60°

The reference angle The reference angle The reference angle

for 135° is 45°. for 210° is 30°. for 300° is 60°.
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Familiar Angles in a Coordinate Plane

. o o o ., 11
Angles with a reference angle of 30°(= %) are 150°(= %T), 210°(= 7?”) ,and 330°(= Tﬂ) .
Use the 30°-60°-90° triangle ratio to find the trigonometric values of these angles and put the
appropriate signs. On the unit circle, siné = y is positive in quadrant I and Il and cosf = x is
positive in quadrant [ and IV.

sin150° _1 sin30° _L
2 51 2
cos150° =—£ P(_T’E) cos30° :ﬁ
2 2
tan150° :—ﬁ 150° tan 30° :ﬁ
3 3
. . 1 . . o 1
sin210 =5 210 330 sin330 ==
cos210° :—ﬁ p(_ﬁ,_l) p(ﬁ,_l €0s330° :ﬁ
2 27 2 272 2
tan210° :\/3 tan330° -3
3 3
. ., T ., 2z ., 4r ., Srm
Angles with a reference angle of 60°(= E) are 120°(= T) , 240°(= T) ,and 300°(= T)'
Use the 30°-60°-90° triangle ratio to find the trigonometric values of these angles and put the
appropriate signs. On the unit circle, sin@ = y is positive in quadrant I and Il and cosf = x is
positive in quadrant [ and IV.
sin120 =3 o ﬁ) sinco = V3
2 2’2 2
.1 .1
cos120 :_5 cos 60 :5
120°
tan120° = —/3 tan 60° =+/3
sin240° = 7§ sin300° = ,ﬁ
! 240° 300° 1
€08240° = —— €0s300° =—
2 A 2
1 3 1 3
an240" =3 P(—E,—g) P tan300° = —/3
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Angles with a reference angle of 45° (= %) are 135°(= 37”) , 225°(= ST”) ,and 315°(= %) ’

Use the 45°-45°-90° triangle ratio to find the trigonometric values of these angles and put the

appropriate signs. On the unit circle, sinf = y is positive in quadrant I and Il and cosf = x is
positive in quadrant [ and IV.

sin135° :Q sin45° =£
2 V2 ) 2
cos135° :fﬁ 2 cos45° =£
2 2
tan135° =—1 tan45° =1
X
sin225° =—£ 7 sin315° =—£
2 225 315° 2
cos225° =—£ cos315° =£
2 p(_ﬂ _Q) P(ﬁ —Q) 2
tan225° = 1 27 2 22 tan315° =1
. o T . . 3T . .
For the angles 0°, 90 :E’ 180° =z, and 270 :7, sin@ is equal to the y value of the
point P(x,y) and cos@ is equal to the x value of the point P(x, y). The points P(1,0), P(0,1),
P(-1,0),and P(0,—1) on the unit circle correspondsto §=0"=0, § =90" = z ,0=180"=r,
. 37 .
and 0 =270" = EY respectively.
sin90°=y=1 ¢0s90°=x=0
tan90° = 2 = undefined
X
sin180° =y =0 sin0°=y=0

P(~1,0)
cosl80° =x=-1 cos0’=x=1

tan180° =2 =0

tan0° =2 =0
X

=

P(0,-1)

sin270°=y=-1 ¢0s270°=x=0

tan270° = 2 = undefined
X
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Exercises - The Trigonometric Functions and the Unit Circle

v v
Questions 1 and 2 refer to the following Questions 3 and 4 refer to the following
information. information.
Ay Ay

P(-1,43)
/%4
"
N _
5 -\\ - 0 0 =
© P(—/3,-1)

In the xy- plane above, O is the center of the

In the xy- plane above, O is the center of the circle, and the measure of the angle shown is iz

circle, and the measure of ZPOQ is a°. radians.

[1]

What is the cosine of a°? What is the value of & ?
1 5

A) —— A 2

) : ) 5

B) 3 By .
| 6

C) ——
g 0!

b ¥
2

D)

[4]

What is the cosine of (a+180)° ? What is the value of tan(kr) ?

A) 3 A) 3
B B) -1

B) -2
2 o L
1 NG
O 5 1
D) —
o L '
5
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Chapter 15 Practice Test

v
Questions 1 and 2 refer to the following
B information.

AY

143

P(——,~=

( ) )

A 0 ¢

Note: Figure not drawn to scale. 0 0

In the right triangle shown above, if tan 8 = %,

what is sin@ ?

In the xy- plane above, O is the center of the

A) 1 circle, and the measure of ZPOQ is kz radians.
3
I
B) —
) 2 What is the value of k£ ?
4
C) — 1
) 5 A) 3
3
D) = 1
) 5 B) 5
C) 2
3
3
D) =
B ) 4

[4]

C - y What is cos(k +1)7 ?
In the isosceles right triangle shown above, what A) 1
is tan ZA4? NE)
A B) l
) s >
B) —
) s Q) ﬁ
2
o) 1
D) 3
s
D) —
2 A
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In triangle ABC above, AC 1 BD . Which
of the following does not represent the area
of triangle ABC?

A) %(AB cos ZA+ BCcos ZC)(ABcos LABD)
B) %(AB cos LA+ BCcos ZC)(BCsin ZC)
C) %(AB sin ZABD + BCsin ZCBD)(ABsin ZA)

D) %(AB sin ZABD + BC'sin ZCBD)(BC cos £C)

In the isosceles triangle above, what is the value
of sinx”?

A)

B)

nlw =

9

D)

wnH W

In triangle ABC , the measure of ZC is 90°,
AC =24, and BC =10. What is the value of
sin4?

C A

In the right triangle 4BC above, the cosine of x°

is % If BC =12, what is the length of AC?

[9]

If sin(5x—10)° = cos(3x+16)", what is the value
of x?
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Answer Key 3 B

Section 15-1 tangzmzyzﬁzf

1.B 2.C 3.B 4.D 5.C adjacent A4 6 3

Section 15-2 4D

I.B 2.C 3.D 4.A If x and y are acute angles and cos x” =sin y°,

x+y =90 by the complementary angle theorem.
Section 15-3

LA e 1B 4D (Ba-14)+(50-a)=90 x=3a-14, y=50-a
2a+36=90 Simplify.
Chapter 15 Practice Test 2a =2§4
a=
1.D 2.C 3.C 4.B 5.D
6D 7.2 89 9105 5 €
13 B

Answers and Explanations

Section 15-1 )
opposite of Z4 _a

I sindA=————=—
1. B hypotenuse c
B Roman numeral I is true.
10 I cosB = adjacent of ZB _a
hypotenuse c
Roman numeral II is true.
4 % c
4 6 D 6 opposite of Z4 _a

III. tan 4 =— —
adjacent of L4 b

Draw a perpendicular segment from B to the Roman numeral III is false

opposite side AC . Let the perpendicular segment
intersect side AC at D . Because the triangle is

isosceles, a perpendicular segment from the vertex Section 15-2

to the opposite side bisects the base and creates two

congruent right triangles. 1. B

Therefore, AD = %AC = %(12) =6. ¥

Inright AABD, P(1L,1)

cosd = —hadjatcent = % = % =0.6.

ypotenuse - X
oo e
2. C

The graph shows P(x,y) = P(1,1). Thus, x =1

2 _ pn? 2
AB”=BD"+AD Pythagorean Theorem and y =1. Use the distance formula to find the

2 _pr? L 2
10 —BD2+6 length of radius OA .
100 =BD" +36

O4=+x*+)y* =1 +1> =42
64 = BD’ ) y. ! . NG
8=BD . sin62%=% orsin9=72
sing__oppositt _ BD 8 o ypotentse V2

hypotenuse  AB - 10
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Therefore, the measure of ZPOQ is 45°,

which is equal to 45(i) =7 radians.
180
1
Thus, k=—.
4

2. C

Use the complementary angle theorem.
cos(#) =sin(90° — 9) , or cos(d) = sin(%— 0)
Vs T R4
Therefore, cos(—) = sin(———) =sin(—).
( 2 ) (2 8) ( g )
All the other answer choices have values

different from cos(%) .

3. D

Vol o 5T

In AOAD , sin” =sin60° = A2 _AD_
3 0A 6
Since sin60° = % , you get —A6D = g .

Therefore, 24D = 6«/5 and AD = 3\/§ .

4. A

A(3,4)

5 ]B>x

\ 0

Use the distance formula to find the length of O4 .

Od=x* +y? =37 +4% =25 =5

cos LZAOD :%:E
OA

5

Section 15-3

1. A

Draw segment PR, which is perpendicular to
the x- axis. In right triangle POR, x =—1

and y= V3. To find the length of OP, use the
Pythagorean theorem.

OP* =PR*+OR* =(\3)* +(-1)’ =4

Which gives OP =2 .

N X -1
cosa =——=—
OP 2
Ay
P(-1,43)
R
T
2. C

3.

Since the terminal side of (a+180)° is OT , the

value of cos(a +180)° is equal to %

os_1
or 2
B
%4
kr \
RN .
o 0
P(—3,-1)

Draw segment PR, which is perpendicular to

the x-axis. Inright triangle POR, x = -3
and y =-1. To find the length of OP, use the
Pythagorean theorem.

OP> =PR*> +OR* = (-1 +(\3)* =4

Which gives OP =2 .

Since sin ZPOR = —— = -1 , the measure of
ZPOR is equal to 30°, or % radian.
7

kr=n+Z="Lx
6 6

Therefore, k :%
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4. D

tan(kz) = tan(z m)= Yo T o
6 x

Chapter 15 practice Test

1. D

A C
Note: Figure not drawn to scale.

opposite  BC

In AABC, tanf =—; =—.
adjacent AC

If tanﬁzi,then BC =3 and AC=4.

By the Pythagorean theorem,
AB* = AC? + BC* =4 +3? =25, thus

AB=+25=5.
sin6’=B—C=§
AB 5
2. C
B
S
c A

N

tan /A = opposite side of Z4 _ s _1

adjacent side of £4 s

-5
s
3. C
13 Ay

( 5’7)
kr
_\S

- X
R O 0

T

Draw segment PR, which is perpendicular to

. . . 1
the x- axis. In right triangle POR, x = Y

and y= g . To find the length of OP, use the

Pythagorean theorem.

OP* = PR* + OR? = (ﬁ)2 +(_—1)2 3.1
2 2 4 4
Which gives OP =1. Thus, triangle OPR is
30°-60°-90° triangle and the measure of ZPOR

1

is 60°, which is % radian. Therefore, the measure
of ZPOQ is 7[—%, or ZT” radian. If ZPOQ is

kr radians then £ is equal to %

. B

Since the terminal side of (k+1)7z is OT , the

value of cos(k+1)z is equal to %
or

o5 _1
or 2
. D
B

Area of triangle ABC = %(AC)(BD)
Check each answer choice.

A) %(AB cos LA+ BC cos LC)(AB cos ZABD)

:l(AB.A_D+Bc.C_D)(AB.@)
2 AB BC AB

= %(AD +CD)(BD) = %(AC)(BD)

B) %(AB cos LA+ BCcos ZC)(BCsin £C)

_Lup. AL 4 e .2y pc . BD)
2 AB BC BC

= %(AD +CD)(BD) = %(AC)(BD)



264 Chapter 15

2 _ pe2 2
) L(4Bsin Z4BD + BCsin ZCBDY(ABsin £4) AB" = BC"+AC
2 AB* =10 +24% =676
AB =~676 =26
:l(AB.A_D+Bc.C_D)(AB.@)
2 AB BC AB . 5
1 1 sind= % = E
= E(AD +CD)(BD) = E(AC)(BD)
. 8. 9
D) E(AB sin ZABD + BC'sin ZCBD)(BC cos ZC) B
:l(AB.£+BCC_D)(BC.C_D)
2 AB BC BC
- %(AD +CD)(CD) = %(AC)(CD) c =,
Which does not represent the area of cosr’ = AC 3
triangle ABC. 1B 5
Choice D is correct. Let AC =3x and AB =5x.
AB? = BC* + AC? Pythagorean Theorem
6. D (5x)* =122 +(3x)* BC=12
25x° =144 +9x°
16x* =144
x*=9
x=+9=3
A C
12 D 12 Therefore, AC =3x=3(3)=9
Draw segment BD, which is perpendicular to
side AC. Because the triangle is isosceles, a 9. 105
perpendicular segment from the vertex to the According to the complementary angle theorem,
opposite 51d.e blse.cts the base and creates two sin @ = cos(90— 6) .
congruent right triangles.
1 1 If sin(5x—10)° = cos(3x+16)",
Therefore, AD = EAC = 5(24) =12. 3x+16 =90 (5x~10).
By the Pythagorean theorem, 4B*> = BD?* + AD* 3x+16=90-5x+10
S ' 8x =84
BD* =20"-12° =256 x=105
BD =+/256 =16
Inright AABD,
. o adjacent BD 16 4
sinx’=————— ="~ =~ —_
hypotenuse 4B 20 5
7. 2
13
Sketch triangle 4ABC .
B
10
A 24 C




